CHAPTER 6
SETS AND SUBSETS

Since sets, subsets, and Boolean algebra
satisfy the same laws (that is, have similar
properties), we will discuss sets and subsets
as a means of introducing Boolean algebra. It
should be understood, though, that sets and
subsets are related to all other branches of
mathematics.

SETS

The meaning of a set is any well-defined
collection, group, list, or class of objects which
possess f{or do not possess) some common
property whereby we can determine member-
ship in that set. The object or element may
take any form such as articles, people, condi-
tions, or numbers. Membership is the funda-
mental relation of set theory.

NOTATION

When appropriate we will use capital letters
to designate sets and lower case letters to in-
dicate elements of a set. Generally, sets are
designated by the following:

1. Description.

2, Tabulation,

3. Capital letters,

4. Set builder notation.

5. Combinations of the above.

Examples of each form of notation, in order,
are as follows:

1. "the set of odd prime numbers less than
ten."

2. {7,8,5}0r {0,2,4,6,}
3. A,B,C, -~
4. {x|x is a natural number} or {x|x = N}

5. A = {x|x? = 4}

In item 4 we let | mean '"such that” and x
represents any element of the set. Also, the x
to the left of | is a variable and the defining
property which is required to belong to the set
is to the right of | .

Item 5 is read as "A is the set of numbers x
such that x square equals four."
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Examples of sets and their designations are
as follows:
1. The numbers 3, 5, 7, and 11,

{3,5, 7,11}
2, The letters of the alphabet between c¢
and 1i.
{d, e f, g1

3. Members of the Navy.
{x|x is a member of the Navy}
4. Solutions of the equation x2 + 3x - 4 = 0.
{x]x2 + 3x - 4 = 0}
If set A contains x as one of its elements,
we indicate this membership by writing

xeA
and if set A does not contain x, we write
XfFA

That is, if
A=1{,4638: "}
then

2¢A, 3£A, 13£A, 12¢ A, etc.

FINITE AND INFINITE SETS

We define a finite set as one inwhich its ele-
ments or members could be counted; that is,
the counting process or enumeration of its ele-
ments would at some time come to an end. This
count is called the cardinal number of the set.
An infinite set is one which is not finite.

The following list of examples illustrates the
distinction between finite and infinite sets:

1. If A is the set of days inthe month of De-
cember, then set A is finite.

2. Ifset B={1,3,5,7, -}, then set B is
infinite.
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3. If set C = {x|x is a grain of sand on the
earth}, then set C is finite. (The counting proc-
ess would be difficult but would come to an end.)

4. If set D = {x|x isan animal onthe earth},
then set D is finite.

EQUALITY OF SETS

Sets A and B are said to be equal if and only
if every element of A is an element of B and
every element of B is an element of A, In this
case we write

A=B
If
A =123 4 5}
and
B = {53,4,2}
then
A =B

Notice that each of the elements 2, 3, 4, and 5
in A is in B and each of the elements in B is in
A although the order of elements is different.
The arrangement of elements does not change
the set. Also, the set does not change if some
elements are repeated.

If

A= {3,991}
and

B = {33,917}
then

A=B

In some cases the equality of sets ig not ob-
vious, as shown in the following:
If
A= {x|x? - 5x = -6}
and

B = {23}

and

C = {xl 1<x<4, xan integer}
then

A=B=C
NULL SET

We define the null set as a set which has no
members or elements. This is a set which is
void or empty. We denote this set by the sym-
bol # or { }. Notice that § is not the same as 0;
that is, O is not a set but # is. Also, @ is not
the same as {0} because @ is the null set and
{0} is a set with the one element 0. The empty
or null set may also be defined by a statement
which prohibits any element from being a mem-
ber of the set; that is, the set exists but has no
members,

This is similar to regarding zero as a num-
ber; that is, the natural numbers are 1,2, 3,--.
and are used for counting, and zero is not a
counting number but it is used to indicate that
there is nothing to count.

There is only one empty or null set because
two sets are equal if they consist of the same
elements, and since the empty sets have no
members they are equal.

If

A = {x|x is a 300-year-old man on earth}

then, as far as we know, A is the null set.
i

B = {x|x2 = 9, x is even}
then

B = the null set
or

B=g or {}
PROBLEMS:

1. Use set notation to rewrite the following
statements:
a. x does not belong to C.
b. k is a member of B.
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2. Write the following, using set-builder
notation,
a. B = {2: 45 63 85 ".}-
b. C is the set of men in the Navy

3. Indicate which sets are finite.
a. The days of the week.
b. ixlx is an odd integer}.
c. 13.6,9, ---f.

4, Which pairs of sets are equal?
a. {1,2,3} and iz, 1, 3, 2E
b. {k, 1, x; and 1ix,k,n,1

5. Which of the following describe the null
set?
a. C = {x|x + 6 = 6}.
b. B = {x|x is a positive integer less
than one} .

ANSWERS:
1, a. x¢C
b. k¢ B
2. a. B = {x|x is even}

it

b. C = {x|x is a man in the Navy}

a, finite
b. infinite
c. infinite

4, a. equal
b. unequal

5. a. not the null set
b. the null set

SUBSETS

We say that set B is a subset of set A if and
only if every element of set B is an element of
set A,

If we have the situation where

A=1{1,23}

and

{1,2}

then B is a subset of A and we write

B

BC A

Notice that every element of B is an element of
A; that is,

XeB —-xe€eA

where the symbol — means "implies" or if the
first (xe B) is true then the second (x € A) is
true. Also, it should be noted that the null set
is a subset of every set.

If
D = {x|x is an odd integer}
and
E={1.357
then
EcD

PROPER SUBSET

If we have two sets such that

F=0G
we may write

FI-G
and

GCF

and we say F is a subset of G and G is a sub-
set of F.
If we write

K=K

we say K is a subset of itself.

Since there is a distinction between these
subsets and the subsets previously mentioned,
we may call the previous subsets "'proper sub-
sets''; that is, B is a proper subset of A if B is
a subset of A and at the same time B is not
equal to A,

When we have

C

{3, 4, 5}

and

o
i

{3, 4, 5}
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then C 18 a subset of D and we properly write
cch
which indicates that C is also equal to D.
Although this distinction is made in some
studies of sets and subsets, we will not make
any distinction in the following discussions.
COMPARABILITY
If we have two sets where A is a subset of B
or B is a subset of A, then we say sets A and B
are comparable; that is, if
ACB
or
BCA
then A and B dre comparable,
For two sets to be noncomparable we must
have the relations
A¢Z B
and
BZ A
where the symbol ¢ means '"is not a subset
d."
It
C = {3,5, 6}
and

D = {5, 6}

then C and D are comparable. This is because

DccC
It
E = {7, 8, 9}
and
F = {8,9, 10}

then E and F are noncomparable. This is be-
cause there is an element in E not in F and
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there is an element in F not in E. This is
written

Te E and

¢ F
and

10 ¢ E and 10¢ F

UNIVERSAL SET

When we investigate sets whose elements
are natural numbers, we say the natural num-
bers comprise the universal set, Generally,
we say the universe is the set of natural num-
bers. We denote the universal set by the let-
ter U.

If we are discussing sets of the letters of
our alphabet, we call the alphabet the universe.

If we are talking about humans, then the
universal set consists of all people on earth.

POWER SET
If we have a set A such that
A= {124}
and we list each subset of A; that is,
{4, {2}, {4}, &2}, 11,4}, 2,4}, {1,2,45{}
we call this family of sets the power set of A.
The power set of any set S is the family of
all subsets of S. This is denoted by
ZS
This designation is used because the number
of subsets of any finite set of n elements is 29,
If we have the set B such that
B = {8, 9, 10}

then, the power set of B; that is,

has
2n

subsets.
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The power set is shown as follows:

If

B = {8,9, 10} A
then

ZB={B, {8,9}, {8 10}, {9, 10}, {8}, {9}, {10}, g}
DISJOINT SETS

When we find two sets that have no elements or
in common, we say these sets are disjoint,
If

A=1{1,2 3} v

and 0

B = {4, 5, 6}

then A and B are disjoint.
If

If we have two disjoint sets, we draw
{a, b, c}

(@]
1

and

D= {cd e} v

then C and D are not disjoint because

ceC and ceD

VENN-EULER DIAGRAMS

The use of Venn-Euler diagrams, or simply If the sets are not disjoint, we draw
Venn diagrams, is not an acceptable ""proof' of
the relationships among sets. Nevertheless we
will use these diagrams for our intuitive ap-
proach to these relationships. We will use a 7]
circle to denote a set and a rectangle to indi- .D

cate the universe., If we have two sets such
that

A=1,2, 3}

and

B = {2, 3} It

{1, 2}

then we may show that E

BcC A and

{2, 3}

by drawing F
112
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then we show their relationship by 5. Make a Venn diagram of the following
relationships.

a, CCB,BCA

b. CCB, DCB, BC A, and C and D

v are disjoint,
c. A=11,23} B= {24
d. A= 1{1,2,3 4}, B = {4},
c = {3 4 5}
ANSWERS:
1. 2% or 16

indicating that
2. 2% or 4; {B, {6}, {7}, #}

le E, 1¢F
2¢E, 2¢F 3. a. not comparable
b. not comparable
3¢E, 3¢F c. comparable
PROBLEMS: 4, a, true
b. true
1, If set A = {2, 3,1, 9}, then how many c. true
subsets does A contain? d. false
e. false
2. If set B = {x'x is an integer between 5 f. false
and 8}, then how many subsets does B contain ?
Write the power set.
5. a.
3. Indicate whether the following pairs of u
sets are comparable or not,
a. A = is, 6,9} and B = {9, 10, 11}
b. C = {x|x-is even} and
D = {x|x2 + 5x = -6}
c. E = {x|x is odd} and #
4, K
b.
A= {1} v
B = {1, 2}
C = {2, 3,4}
D =134
and
E = {1, 3, 4}
then indicate whether the following are true or c.
false, U
a. DcC
b. A# E
c. AZD
d. ACC
e. DZE
f. BCE
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OPERATIONS

When operating with arithmetic, the process
of adding a pair of numbers A and B produces a
number A + B called the sum. Subtraction of B
from A produces a number A - B called the dif-
ference and multiplication of A and B produces
AB called the product. In this chapter we will
discuss operations of sets which are somewhat
similar tothe arithmetic operations of addition,
subtraction, and multiplication. The set opera-
tions are union, intersection, and difference.
Complements will also be discussed.

The operations of sets will be discussed in
relation to Venn diagrams which is a ''show"
rather than a ""prove' type approach. The laws
of sets will be discussed later in the chapter.

UNION

We say that the union of two sets A and B is
the set of all elements which belong to A or B
or to both A and B, We indicate the union of A
and B by writing A U B. To show this union by
a Venn diagram we draw diagram (1)

where the circles show the sets A and B and the
rectangle indicates the universe U. We shaded
set A with positive slope lines and shaded set B
with negative slope lines., Any part of the uni-
verse which is shaded is "A union B" or A U B;
that is,

AuB = {x|xeA

or xe¢ B}
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An example using numerals to show the union
of two sets A and B is as follows:

If
A=1{1,2 34}
and
B = {3,4,5, 6}
then
AuB-=1{1,234,5 6}

To show this union by Venn diagram, we draw

diagram (2)

P
o u®

(2)

From the previous discussion it should be
apparent that

AuUB=BUA

In a later discussion we will relate the union
of A and Bto A + B.

PROBLEMS:

LetA = {1,2,3,4,5}, B=1{2,4,6,8} and
Cc = {3,5, 6}

Find

1. Au B

2. AuC
3. BUC
4, AU A

5. (AU B)UC
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ANSWERS:

1. {1,2,3,4,5,6, 8}

2. {1,2,3,4,5,6}

3. £,3,4,5,86, 8}

4. {1,2,3,4,5}

5. 11,2,3,4,5,6, 8}
INTERSECTION

We say that the intersection of two sets A
and B is the set of all elements which belong
to A and B by writing A N B; thatis, A NB=

{x|x€ A, xe B}. To show this intersection by
a Venn diagram we draw (3)

A and B have been shaded as before and the in-
tersection of A and B, that is, A N B or the area
shaded by cross-hatch.
An example using numerals to show the in-
tersection of two sets A and B is as follows:
If

A=1{1,2 3, 4}
and

B = {3,4,5, 6}

then
ANB

{8, 4}

To show this intersection by Venn diagram

we draw (4)

i

(4)
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Again, it should be apparent that
ANB =BNA

In a later discussion we will relate the in-
tersection of A and B to A*B.

PROBLEMS:
Let A = {1, 3, 5}, B = {1, 2, 3, 4}, and
{3,4,5,6,7

Find

C

1. ANB
2. ANC
3. BNC
4. AnA
5 (AnBYNnC

ANSWERS:

1. {1, 3}

2. {3, 5}

3. {3, 4}

4. {1, 3, 5t

5. {3}
DIFFERENCE

We say that the difference of two sets A and
B is the set of elements which belong to A but
do not belong to B. We indicate this by writing
A - B; thatis, A-B = {x|xe A, x¢B}. To

show this difference by a Venn diagram we
draw (5)
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A minus B is the area which contains the posi-
tive slope shading only.
An example using numerals is as follows:
If

A=1{1,23 4}
and
B = {3,4,5,6}
then
A-B=1{12}

This is shown in Venn diagram form by draw-

ing (6)

(6

PROBLEMS:

Let A = {1,3,5}, B=1{2,4,5}, and C =
{3, 5}

Find

1. A-B

2. A-C

3. B-C

4, B - A

5. A - A

ANSWERS

1. {1, 3t

2. {1}

3. {2, 4}

4, {2, 4}

5. {} or #
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COMPLEMENT

We say that the complement of a set A is the
set of all elements within the universe which do
not belong to A. This is comparable to the uni-
verse U minus the set A. We indicate the com-
plement of A by writing &; that is, A = {x|xU,
x ¢ A}, Shown in Venn diagram form this is (7)

(7}

The area which is not shaded isthe complement
of A; that is, A,

An example using numerals to show the com-
plement of A is as follows:

Ji4

A =112 3 4}
then

and B = {3,4,5,6}

A=156,78"}

where we assume the universe U to be the set
of natural numbers 1,2, 3, -+- .
Shown in Venn diagram this is (8)

7

a-.ulm..
/
/.

S
» oo

S

(8)]

where the shaded area is the complement of A,

If we now use the previous informationgiven,
we find that the union of A and its complement
Ais

AUA=1U

Also, the intersection of A and its comple-
ment A is
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and the complement of the universal set U isthe Also, since the intersection of two sets A and B
empty set §; that is, is {x]x € A, x ¢ B}, it follows that
ﬁ = g AN A=A

Venn diagrams to show this are as follows:

and _ (We show each A and how it is shaded.)

PROBLEMS: UA:=

A
AN
Let A ={2,3,4}, B ={2,4,6}, C = {4,5,6}, ~ U
and the universe U = {1, 2,3, ..., 10}

Find

§>

1. A

2. B

3. (AuQ) and

4, (AN B)

5. (B - Q)
ANSWERS:

1. {1,5,86,7,8,9, 10}

2. {1,3,5,7,8,9, 10}

3. {1,7,8,9, 10}
In both cases the cross-hatch is the solution
4, {1,3,5,6,1, 8,9, 10} area.

5. {1,3,4,5,6,7,8,9, 10} ASSOCIATIVE LAWS

LAWS OF ALGEBRA OF SETS The relations (AUB)U C = Au(BuUC) and
(ANBYNC = An{(BNC)are the associative
We will discuss the relations that exist be- identities, We show these as follows:

tween sets and the operations of union, inter-

section, and complements. These operations

satisfy various laws or identities which are

called the algebra of sets. auslue = _Aueua
We will use an intuitive approach to under- ——

standing these laws and in most cases will show

the laws by use of Venn diagrams.

IDEMPOTENT LAWS

The relations AUA = A and AnA = A
are the idempotent identities, Since the union of
two sets A and B is {x|x€¢ A or x € B}, it fol-
lows that

where the area with any shading is the same in
AUA=A each case,
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where the cross-hatched areas are the same.
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COMMUTATIVE LAWS

BUuA and AnNB=

The relations A U B
B . A are the commutative

are shown as follows:

They

identities.

BUA
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.

IDENTITY LAWS
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DISTRIBUTIVE LAWS

“(BUC) =

(AUB) "(AUC) andA
(A 1B} o (A i C) are the distributive identities.

Au(BnC)

indicate that U distributes over N and
that /1 distributes over U. They are shown as

follows:

They

and
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V \\\'w\u\ U
& e

COMPLEMENT LAWS

These laws state that AU A= U, A= A,
A A =¢,and U =@, § = U. These are shown
as follows:

AUA:-U
VZEAN

\\\
~

DE MORGAN'S LAWS

_ DeMorgan's laws are indicated by (A U B) =
AnBand (AN B) = AU B, They are shown
in Venn diagram form by the following:
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where (A U B) is the unshaded area and A n B
is the crosshatched area. Also,

(ANB) = AUB
X 2% 2N PSON T
U ZSESRELEERRCISES
> SRR
[ SSENAZ S
/ 23] b3S
2SS p
Z, .:.;\
7 oSS N

¢
(X
O
)
$

P

-

where (A N B) is the unshaded area and A U B
is the shaded area.

PRINCIPLE OF DUALITY

This principle of the theory of sets states
that if we interchange the operations of union
and intersection and also interchange the uni-
verse and null set in any theorem then the new
equation is a valid theorem. We may show this
by the following:

(8ucCin a
(7 A

NA)

{(BNA) U {C
Yl N\

Now, the dual of

BUCINA=((BNAU (Cn A) (1)

is

BNC)U A = (BUA)YN (CU A) (2)

Since we have shown equation (1) to be true,
then by the principle of duality equation (2) is
true. We may show equation {2) to be true by
writing



MATHEMATICS, VOLUME 3

{(BNCYuA
27 N\

{BUA)D (CUA)
AN

The following is a summary of the laws of
the algebra of sets and the principle of duality:

Idempotent Laws

AUVUA=A AnDA=A
Associative Laws

(AuB)uC (AnB NnC

aAyu(BuC) =AnBnC

Commutative Laws
AuUB=BUA AnB=BnA
Distributive Laws

Au(BnC
=(AuB)Nn(AUC)

An(BuC)
=(AnNnBYyu(AnC)

Identity Laws

Ayfg=A ANU=A
AuUu=U Ang=¢
Complement Laws
AUA=U AnA=¢
A=A U=¢,8=U
DeMorgan's Laws
(AUB)=ANB (AnB)=AUB

Principle of Duality
(BuC nA=(BNA)U(CNA)

BnCuA=(BUA)N(CUA)
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The following examples illustrate the use of
some of the laws of the algebra of sets to
change an expression fromone form to another.
The particular law used in each step is indi-
cated.

EXAMPLE: Prove that
CnNn(BuUA)=(CNB)UI(CNA).
SOLUTION: Write Law used

Cr(BuaA)=(CnB)u(CnA) distributive

EXAMPLE: Prove that
(AuB)Nn{BuC)=(AnC)uB.
SOLUTION: Write Law used

(AUB)N(BUC)

=(BUA)N(BUC) commutative

=BU(ANC) distributive

=(ANC)UB commutative

EXAMPLE: Prove that

(ANB)U(ANnB)=A.

SOLUTION: Write Law used
(AnB)uU(ANB)
=A N (BU B) distributive
=ANU complement
substitution
= A identity

EXAMPLE: Prove that A U (A n B)=A U B.

SOLUTION: Write Law used
A U(A N B)
=(A UA) N (A UB) distributive
=UN(A U B) complement
substitution
=AUB identity
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EXAMPLE: Prove that A U (A N B) = A.

SOLUTION: Write Law used
AUu(AnB)=(ANn U u(AnB) identity
substitution
=An(UuB) distributive
=AnU identity
substitution
= A identity

EXAMPLE: Prove that A N (A U B) = A,

SOLUTION: Write Law used
AN(AUuUB)=(Au#d) n(AuB) identity
substitution
=Au(gd nB) distributive
=Auf identity
substitution
= A identity
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EXAMPLE: Prove that (A U U)n{(A 1 0)=¢.

SOLUTION: Write Law used
Aun@An@=Un(ANg@ identity
substitution
=Ung identity
substitution
=¢ identity

EXAMPLE: Prove that

AuBUCG=(ANB N{ANC).

SOLUTION: Write Law used

AuUBUC =AU(BNC) DeMorgan
=(AUB)N(AUC) distributive

=(ANnB)n{ANnC) DeMorgan

EXAMPLE: Prove that (A U B) = A (1 B.

SOLUTION: Write Law used
(AUB) = ANB DeMorgan
=ANB complement
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